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A Stable Rezoning Method
for Large Deformation
= Finite Element Analysis
sing Incremental Equilibrium Equation

=\

This talk indirectly
K relates to
Particle/Meshfree
methods.
| beg your patience
till the end.

Yuki ONISHI, Kenji AMAYA
Tokyo Institute of Technology (Japan)
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Motivation and Background
~ Motivation

We want to solve severely large
deformation problems
accurately and stably! {Somm  250nm
(Final target: thermal nanoimprinting)

Background

Finite elements are distorted
in a short time, thereby resulting
in convergence failure.

FE rezoning method (h-adaptive
mesh-to-mesh solution mapping)

IS Indispensable.
R A ICMS2012 H""”":KE»?{ rH—
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_Methods for Forming Simulation

One Step
Method

Dynamic—Explicit
FE Rezoning

Static—Explicit
FE Rezoning

Static—Implicit
FE Rezoning

Software Accuracy Stability
HyperForm * * * * * *
FASTFORM

LS-DYNA * * * * *

PAM-STAMP
ASU/P—-form * * * * *

ABAQUS * * * * * *

MARC |
Most of the Our approach

rezoning researches
try to improve this.

ICMS2012

tries to improve
this with
a new idea.
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Objective

Develop an accurate and stable
implicit FE rezoning method

for large deformation problems
with a new idea.

New ldea: adopting implicit FE formulation based on
the incremental equilibrium equation (IEE)

Table of Body Contents

(D Derivation of the |IEE for static-implicit analysis

@ Formulation of our implicit FE rezoning method
based on the IEE

@ Verification analysis in 2D

4 Demonstration analysis in 3D

ICMS2012
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Derivation of

the incremental equilibrium equation
(IEE)

for static-implicit analysis

ICMS2012
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~ Virtual Work Equation in Rate Form

41 i The static-explicit
/ Ht ((t)\(sFt t) df) FE formulation uses
Q%) Work Conjugate the same Eqg.

:/ ﬁt(t)-éudf—l—/ pg - 0u dS)
I'(t)

+» Variable in t.

Q(t)
ne Current Configuration,

o[J: Variation,
. 1st Piola-Kir
. Deformation

. Material Time Derivative,
chhoff Stress Tensor,
Gradient Tensor,

. Analysis Domain, I': Domain Boundary,
. Displacement vector, p: Density,

I1
F
t: Surface Traction Vector,
()
U
g

RRIEKRF

. Body Force Vector

ICMS2012
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Linearization and Discretization

T17(t) : 6F.(t) dQ
L(t) t& tk Work Conjugate

:/ ﬁt(t)-éudI‘Jr/ pg - du d§2
() Q(1)

Lin_eari.zation H?(t) ~ AH?/At, tt(t) ~ Aﬁt/At, g >~ Ag/At

in Time

Galerkin (5Ft(t) ~ [BN]{5’LL}, ou ~ {N}{5u}

Discretization

Fully Implicit Time Advancing

+ T T Ot :Trial Variable,
2/ B {AH } df2 E : Set of Elements,
eclk S : Set of Element Faces
= Z/ [INTI"{At,} dT + Z/ TINTIT{Ag} dQ
SES eck

ICN|IDS$O1 2 TOKyO TIEECH




Incremental Equilibrium Equation (IEE)

+ T T o*:Trial Variable,
Z/ B {AH } de2 E : Set of Elements,
eckE S : Set of Element Faces
Z [N+ T{AL} dT + ) / FINT]T{Ag} dQ
SES eclk

Let the left-hand side be {AfINY,
the right-hand side be {Af®X4.

The implicit IEE: [[A f&F — LA 263 — 0}

Avoid error accumulation
through timesteps.

The implicit IEE (secondary form):

‘g {fext} i [AfeXt}) - ({fint} i [Afint}) _ @H

We use the secondary form in the actual implementation.

ICMS2012 .
P8 TOKyO TIEECH




Comparison of IEE to Standard EE

[SSttaa?ich:?I::plicit EE] {feXt} o {fint} — {0}7
ext] _ 17T 4+ + a7 1T

(s }Z/P;JN i }dnzjﬂjp NHT (g} dq,

SES eclk

(=3 [ Ty do

eclk

Cauchy Stress

[Implicit

egp  [(LAF™) —{Af™) = {0},
(Afty =3 /F+ INFT{AL} AT+ /m S INFIT{AG) dO.

SES eclk

{Af) = Z/Q+ (BLT{AIL '} dQ, 1st P-K Stress

eck increment

ICMS2012
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Formulation of

our implicit FE rezoning method
based on the |IEE

ICMS2012
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Conventional Implicit FE Rezoning

Time: | Time: | Time:
B S b . ol
(7 “ v |

|
: |
| |
| |
| |
| |
| |
| |
| : : . :
: fext — flnt fext + flnt fext — flnt :

Solve Remesh Resolve Solve
Standard EE & Standard EE Standard EE
Map States
Induce
Large Deformation
and
Convergence Failure e

ICMS2012
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Proposed Implicit FE Rezoning

Time: |
tn-1 :

--—-p «

|

Solve
IEE

Time:
__________________ 5__________________*
fext _ fint fext ” fint fext _ fint
Remesh Assign
& ext int
f*to f
Map fext
and States Never Induce

ICMS2012
P. 12
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: Time:
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Flowchart of the Proposed Method

Start of timestep loop
® Assume Iinitial {Au}
Start of (implicit) Newton-Raphson loop

¢ Calculate trial states
#Calculate {Af*t} {AfI"} and [K]
¢ Convergence check
eSolve [K]{6u} = ({f + {aF) — ({7} + {arD
& Substitute {Au} + {6u} for {Au}

® Substitute {f**'} + {Af X'} for {f XY}

® Substitute {f ™"t} + {Af 1"t} for {f1""]

® Update States Almost the same as the
conventional implicit method
except the green parts

® Rezone if necessary

ICMS2012
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Proposed vs. Conventional

Proposed Conventional
Implicit FE Implicit FE
Rezoning Rezoning
Equation to be Solved IEE Standard EE
Mapping of fext Required... Unnecessary!
Eqwhbnum after VES! NO._
Mapping
Unique Deformed :
Shape at a Time VES! NO...
Convergence Failure NO! VES

iIn Rezoning Process

ICMS2012
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Verification Analysis
in 2D

ICMS2012
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Shearing of 2D Bar

2 m

5m

NN

m Hencky's Elastic Body

5M
Enforced Vertical Displacement

2Mm

Bl Static, 2D Plane-strain condition

B All 1st order triangular elements

B Global rezoning every 10 timesteps
(much more frequent than necessary)

I remeshmg with ANSYS GAMBIT

ICMS2012
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Shearing of 2D Bar
B Material: Hencky's elastic body
® constitutive equation in total strain form:
T = CL )
Cauchy Stress « Hencky Strain
® constitutive equation in rate form:
flo_' — CL . D

Jaumann Rate of Cauchy Stress « Stretching

® Young's modulus: 1 GPa; Poisson's Ratio: 0.3

ICMS2012

P. 17




Shearing of 2D Bar

%:?:I%j(? ICMS2012
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Shearing of 2D Bar

Mises Stress (Pa)

Mises Stress (Pal)

2.5e+08 &5e+08
~2.0e+08 —2.0e+08
1.0e+08 E1 .0e+08

0.0e+00 0.0e+00

1 m Disp. 1 m Disp.
9 Times Rezoning

Mises Stress (Pa)
Eeﬂ]&
—5.0e+08
%4.0e+oa
Emmoa
2.0e+08
E 1.0e+08

0.0e+00

Mises Stress (Pa)

Ee+08

—4.0e+08

Ezoema

0.0e+00

2.5 m Disp. 25m

24 Times Rezoni

Disp.

Shear
Locking

@ N

Proposed Method Standard Implicit FEM without Rezoning

m iﬁl%kﬁ ICMS2012

— TaKyd TEECH—
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Tension of 2D Brick

2m

222

Neo-Hookean
8> Hyperelastic Body

Tm

b

Enforced  Up to 400%

Vertical Nominal Strain
Displacement

777,

0.5m

B Static, 2D Plane-strain condition
B All 1st order triangular elements
B Global rezoning every 5 timesteps

ICMS2012

P. 20




Tension of 2D Brick
B Material: Neo-Hookean hyperelastic body

® Strain energy density function:

_ 1
U = Cio(T, —3) + —(J —1)2
Dy

® Constitutive equation in total strain form:

2 2
T = —ClodeV(B) + —(J — 1)I

J D
® Constitutive equation in strain1 rate form:
T =CL(F): D

where CL(F) is obtained through a long hand calculation.

®C,,=0.172 GPa; D,=0.6 GPa"

ICMS2012
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Tension of 2D Brick

ICMS2012
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Tension of 2D Brick

[ 9
(- Q
— -
o o
X g
&J o
w 3
GEJ Mises Stress (Pa) Mises Stress (Pa) -
g 2 56409 2 56+09 Q.
|_ —
®)) - - Tl
~— —2.0e+09 —2.0e+09 m
; - . =
o) 2
= =
() -1.0e+09 -1.0e+09 o
= E E c
-O o
8 2.76+08 2.76+08 C;DU
@) N
o @)
o =3
| - . 3
o 0.5 m Disp. @

(100% Nominal
Strain)

H R TH¥EAYE Stk Gz ——roKyD TIECH—
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Tension of 2D Brick

Mises Stress (Pa)
4.0e+09

Mises Stress (Pa)
4.0e+09

3.0e+09

2.0e+09

1.0e+09 1.0e+09

4.8e+08 4.8e+08

Proposed Method (39 Times Rezoning)
Buluozay noypm N34 yo1dw piepuels

1.0 m Disp.
(200% Nominal
Strain)
= s ICMS2012 M —
H Eiﬂ%ﬁ%gzsi P.24 7oK, Puﬂrsu.'nlecglence




Tension of 2D Brick

S 2,
cC Q
= -
CC) o
N L
() o
e —_—
N Mises Stress (Pa) Mises Stress (Pa) 3
CIEJ 5 46+09 5 46+09 2

O
= 5.0e+09 5.0e+09 —
®)) = = T
S =4.0e+09 —4.00+09 g
3 : : <
c 3.0e+09 3.0e+09 oy
> >

@)
= -2.0e+09 =2.0e+09 =
D py
@ 1.0e+09 1.0e+09 Q
Q 6.9e+08 6.9e+08 o
o =3
o . -
0. 1.5 m Disp. @

(300% Nominal
Strain)
m BRI¥EAY ICMS2012 —TOKyD TECH—
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Tenion of 2D Bi(

o
EEY.

Mises Stress (Pa)
7.3e49

Mises Stress (Pa)
7.3e+9

—6e+9 —6e19

de+9Q de+9Q

2e+9 2e49

8.96e+8 8.96e+8

2.0 m Disp.
(400% Nominal
Strain)

%:ﬁl%*ﬁ ICMS2012
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Demonstration Analysis
in 3D

ICMS2012
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Tension of 3D Cube

B Static, 3D
B 1/8 model of a cube
B Neo-Hookean
hyperelastic body
B All 1st order
tetrahedral elements
B Global rezoning
every 10 timesteps
B Up to 300%
nominal strain

— ]
HRITERT (EMS2012 ——TOKyO TECH—
Pursuing Excellence

Tokyo Institute of Technology P. 28







Twist of 3D Cuboid

ICMS2012
P. 29

B Static, 3D

B 1x2x4msize

B Henkey's elastic body
of v =045

W All 1st order tetrahedral
elements

B Global rezoning
every 30 degree

B Up to 360 degree
rotation

TOKYD TECH






Punching of 3D Cuboid

ICMS2012
P. 30

B Static, 3D

B 1/4 model

B 2Xx3x4msize

B Henkey's elastic
body of v = 0.2

B All 1st order
tetrahedral
elements

B Global rezoning
every 10 timesteps

B radius of punch
R=1m

B punch up to
1/3 height







Take-Home Messages

1. Our method is as stable as the explicit method
and as accurate as the implicit method.

2. The Implicit IEE is useful not only for FE rezoning
but also Meshfree/Particle methods.

Mises Stress (Pa)

s 5 _— 2e+9

I r.;é Ty i 7
‘_#'M T VLU T l\‘b\.\‘ Frrnror X ™ ?]e+9

Fon s Rty R ™ i
@ pas Rl -8e+8

hat 358 5 e o W Ll : 3
s e B i W o A AP M 60+8
o R D U ek e o AT L “Ae+8
SR R A T g o e A e i A _2 5

E e+

0

Equivalent_Plastic_Strain
2.5

-;O 4

:O.S

0.2

0.1
:

See the e-book of PARTICLES2011
or our full-paper in Int. J. Numer. Meth. Engng (2012)
in detail.

ICMS2012
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Summary and Future Work
B Summary

® A new implicit FE rezoning method for severely
arge deformation analysis is proposed.

® [t solves the |IEE instead of the standard EE.
® |t maps f*' in addition to the other states.
® Its accuracy and stability are verified.

B Future Work
® More V&V
® SFEM implementation
® Apply to contact forming, crack propagation, etc.

Thank you for your kind attention!

ICMS2012
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Appendix

H %:?:I%j(? ICMS2012
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Tension of 3D Cube

0% Nominal Strain
(Initial State)

300%
Strain

200%

Strain Mises Stress (Pa)

3.7e+09

Mlises Stress (Pa) [
0] 5e+09
1 OO A) E2.46+09 -
Strain ~3.06+09
Mises Stress (Pa) —:2.De+09 B
E6e+09 E B
- 1.50+09 - | B
[=1.6e+09 _
120409 - i
1.00409 = —2.0e+09
—1.2e+09 B
—§7.59+08 -
500108 Ea.c)ema
3.1e+08 7.0e+08 1.2e+09Q

H %:?:I%j(? ICMS2012
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Twist of 3D Cuboid

Mises Stress (Pa)

EOe+08

Mises Stress (Pa)

EO&HOB

-6.0e+08 ~6.0e+08

E4.09+os E4.0e+08
E2.09+08 E2-09+08
0.0e+00 0.0e+00

H R TH¥EAYE S tla2uilz ——roKyD TIECH—
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Punching of 3D Cuboid

ICMS2012
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Mapping of [~
Boil down to the following minimization problem:
B Unknown
nodal f¢*' on the new mesh surface
B Cost Function
Y || {surface traction on the new mesh face}
— {surface traction on the old mesh face} ||

B Constraints
® Y {new nodal X'} = ¥ {old nodal f**!}
® Y {new nodal x x f*'} = ¥ {old nodal x x f€*!}

Solve it with Lagrange multiplier method

ICMS2012
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Derivation of Stiffness Matrix (1/2)

B Relation between 11

1, and T:

HtET—

-tr(L)T — LT

B Relation between 0O and Jaumann rate:
T =T +WT —TW

B Erasing T:

I =T +WT —

TW +tr(L)T — TL"

B Constitutive equation (e.g. Hencky's):

T —

B Erasing T':
H;F — CL D+WT—-TW +tr(L)T —TL"

CLID

ICMS2012
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Derivation of Stiffness Matrix (2/2)

B Rewrite in matrix form:

wherer

0 Tin
T, 0
T.. T..
T, 0
ON] =T,y Tow
0 Ty,
Tyz Tyz
0 T,,
T 0

N S’ti;]ines

{ﬁfg = [Cg]{D} + [On]{L}

T Tyy—T: Ty —Tyy—Toa —T.u — Ty —Tou
Yy 2 2 2 2 2 2
O Tyz T,.—T:s _Tyz _Tmy — T —Tss _Tﬂf’y
2 2 2 2 2 2
T —Tyy—T —Ty- —Tyy+Tea T,y —Ty- =T
Yy 2 2 2 2 2 2
0 —Ton — Ty Loy T.—Tyy — Ty — T —Tyy
2 2 2 2 2 2
T _Tyz —T1 = Tew _Ty _Tmy —1,.+T Tmy
X 2 2 2 2 2 2
T — T TCU?J —T.. _TZZ_T’U’Q’ Tmy _Tzz+Tyy
Yz 2 2 2 2 2 2

ICMS2012
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Characteristics of Meshfree Method
Advantage
® Locking free
® Easy to add/remove nodes

Disadvantage
® High cost to construct a stable shape function

® High cost to correct [B] to satisfy the divergence-
free condition

® High cost to treat multiple materials, concave
boundaries, contact, etc.

ICMS2012
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Characteristics of Static-Explicit Method

Advantage
® No convergence calculation

® Solution can stably be obtained
(even if there exist no static solution)

Disadvantage

® Equilibrium is not guaranteed due to error
accumulation

® Necessitates small At with r-min method In
plasticity

ICMS2012
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Comparison of IEE to Stiffness Eq.

[Standard NOT equilibrium equation
Static-Explicit EE] BUT stiffness equation

[K]{Au} _ {AfeXt} without trial values
(: {feXt(t n At)} o {fint(t))})

P ER[Ar T )y — (A +>} =10
(AR — Z/ NFIT{AL) dF+Z/

SES eclk

{Af™r =% ] (B 1T{AIIF} dQ,

eclk

ICMS2012
P. 42
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